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¢ N uuªeUueflmddj6eUy[wiqBpjnX[]3dµf]qUjnX[]3dReU\vu]vMeUjnXA¢[qBpk]ÉgsBeUu]SyjnulÆjnX[]yg\£]SpqUPjduy¡Dd ¥
	%$B &F' M! M D FM
P y
Z
1 ¢UjnX[]Ydn\vu]]OhDxSug[dqBy&\<qmw]SumxqBy[xSw]dPjnX
jnX[]]SuuD¡y[q¬y)(o+*<dlmdnj]S\ Ud]]] ¥  ¥
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p−

p+
BA, BC
q−

q+
CB, CA
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r+
AC,
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Tmy°jnX[]xqByj]OhmjqUvMeUpnjnxSu]d
jnX¤]OhDxSug[dqByA¢eUy[we¯²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{τaτb}
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xqBg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jnp6eUy[dnjnqBy[dkxfeUyj6eU¡]vu±eBx] ¥
AB
λab

λba
BA, BC
λbc

λcb
CB, CD
λcd

λdc
DC, DA
λda

λad
AD,
AC
γac

δbd
BD, BD
γbd

δca
CA, CA
γca

δdb
DB, DB
γdb

δac
AC.
O%]djng[wD]we°pqBj6eUjnqBy~ysBeUpn±eUyjks]SpdnqByqUPjnXd\<qmw]Su¾X[]Sy



λ+ 	
= λab = λbc = λcd = λda,
λ− 	
= λba = λcb = λdc = λad,
γ+ 
= γac = γbd = γca = γdb.
γ− 
= δac = δbd = δca = δdb.
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(A,B,C,D) → (τa, τ b) ∈ {0, 1}2
¢dng[xX~jnXMeUj



A → (0, 0),
B → (1, 0),
C → (1, 1),
D → (0, 1).
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{τ bj }
¢
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


λ±a (i) = τ̄
b
i τ̄
b
i+1λ
∓ + τ bi τ
b
i+1λ
± + τ̄ bi τ
b
i+1γ
∓ + τ bi τ̄
b
i+1γ
±,
λ±b (i) = τ̄
a
i τ̄
a
i+1λ
± + τai τ
a
i+1λ
∓ + τ̄ai τ
a
i+1γ
± + τai τ̄
a
i+1γ
∓.
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λkl
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X lXk, k ∈ [1, 2p + 1], k 6= l.
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XkX l
λkl
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γk
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λ±b (i) = λ ± (τ
c
i − τ̄
c
i )(τ
a
i − τ̄
a
i )µb,
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uw<y[dnj]feBw<yjnpqwDg[x]kjnX[]
ÉgMeUyjnjn]d
∆k 
= Nk+p − Nk, k = 1, . . . , p − 1,
Xx6Xp]Svp]d]SyjjnX[]YwD§½¾]Sp]Sy[x]dP]Sj ]]Sy<vqBvgu±eUjnqBy[dqUuy¡DdjnX<qBvvqtdj]wDp]xSjnqBy[d ¥
®¯qBp]qfs]Spf¢eBdke
pngu]t¢[dqB\<]y[qByD¦¨jnpnsm±eUu4xSlDxSu]dy³jnX[]3dj6eUj]O¦©dnvMeBx]£eUp]y[qBjMeUu±eUy[x]w Ud]]
¶[tgp] @ ¥ @ VO¢Pgyu]dd
jnp6eUy[dnjnqByºp6eUj]d°d6eUjnd»l%eBwwDjnqByMeUuxqBy[wDjnqBy[d ¥ WYXd
ts]d
pnd]jq
jnX[]y[]OhDjjnX[]qBp]S\ ¥
(a)
(b)
(c)
56 7988=  u]S\<]Syj6eUpnl~xSlDxSu]df¿PqBuw Ue9VO¢ @ ¦¨uy¡\<qBjnqBy UH'VO¢dÉgMeUp]uqqBv Ux5V ¥
 ) &9! 9 Z :

n = 2p
	'/$/   :
'/9	4  '/  5       
  p]Ss]Spdnu]  	'/  &     &&N8 7  '/-	  %$  / >!	9 	'/ 
Ô4Ô Ü^[ïfì»î_
^f   : 	9&&( ] & : & ,
 $	&   :
    
(i)
l+p−1∏
k=l
γk
δk+1
= 1,∀l = 1, . . . , n
(ii)
λkl
λlk
λk+p, l
λl, k+p
= 1, ∀k, l = 1 . . . n, k 6= l,
(iii)
∑
l 6=k+p
∆l log
λkl
λlk
= 0, k = 1, . . . , n.
WYX[]3p]dngujp]Su]dkqBy³jnX[]y[]OhDju]S\\_e ¥
   
 R\ 	%! $ /   :
'/9	4- /     + 		 #R 	:
  
	
	        7  4    2 3 	/     3 K > K& &( 87R &(	, $'"2: K
&(/ 
(iv)



αkl − αlk = log
λkl
λlk
, k = 1, . . . , n, l 6= k + p ;
αk+1, k+p+1 − αk, k+p = log
γk
δk+1
, k = 1, . . . , n ;
(v)
    7 -	  	'
α ∈ R
:   	
αkl + αk+p,l = αlk + αl,k+p = α, ∀k, l = 1, . . . , n ;
(vi)
p−1∑
l=1
(αkl − αlk)∆l = 0, k = 1, . . . , n.
 !&-&% O%]&qByulivp]d6]SyjkjnX[]3\_eUy)dnj]Sv[d ¥ ÂqBy[wDjnqBy (iv) yjnX[]3u]S\\_e<xqB\<]dpqB\!eMeUu±eUy[x]_]ÉgMeUjnqByqUj©lmv]=U @ ¥  V ¥ WYX[]xfeBd] l = k + p xqBpnp]dnvqBy[wd3jq~eBwUreBx]SyjqBuw]wuy¡Ddf¢[eUy[w¾¢Mej]Spd]Sjnjny
U(k, i) 
=
∑
l
∑
j>i+1
(
αk+1, l + αk+p+1, l − αkl − αk+p, l
)
X lj ,
V (k, i) 
=
∑
l
∑
j<i
(αl, k+1 + αl, k+p+1 − αlk − αl, k+p)X lj ,
ÒHÓÔKÒÕ
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 ^ @
]ÉgMeUjnqBy U @ ¥  VXMeBdjq]p]Svu±eBx]w~l
P [. . . , Xki = 1, X
k+p
i+1 = 1, . . .]
P [. . . , Xk+1i = 1, X
k+p+1
i+1 = 1, . . .]
=
γk
δk+1
= exp
[
αk+p+1, k+1 − αk, k+p − U(k, i) − V (k, i)
]
,
Xx6X~u]feBwdjq°\vqtd]3xqBy[wDjnqBy
(v) ¥
W4qj6eU¡]yjqkeBxxqBgyjjnX[]PysteUpn±eUy[x]ªljnp6eUy[du±eUjnqByA¢u]Sj
σ
w]Sy[qBj]eYxSpxSgu±eUpKv]Spn\£gj6eUjnqBy
σ
eU\<qBy<jnX[]3y[wDx]df¢[dng[x6X~jnXMeUj
σ(i) = 1 + i mod (N) ¥ ÂqBy[dnw]Sp
Hσ(X) =
∑
1≥k,l≥N
∑
i<j
αklXkσ(i)X
l
σ(j),
jnX[]p]dgujny]Sy[]SpntlÆqBj6eUy[]w)ej]SpeUvvuly_v]Spn\&gj6eUjnqBy
σ ¥ WYX[]Sy
Hσ(X) = H(X) +
N∑
k=1
Xk1
N∑
l=1
(αkl − αlk)N l,
X[]Sp]
N l
djnX[]
yg\£]Sp3qUuy¡md
l ¥£« y[x] N l+p − N l ¢ l = 1, . . . , p dxqBy[d]Spns]w UHgj
N l
dy[qBjVO¢[jnX[]pngu]
(v)
u]feBwdjq°jnX[]3jnp6eUy[dnu±eUjnqByMeUuKysBeUpn±eUy[x]£y³jnX[]qBpn\ÄqU
(vi) ¥
ÀdjqÆp]Ss]Spdnuj l¢PqBy[]<xfeUyxX[]x6¡?jnXMeUj
(i)
eUy[w
(ii)
eUp]°y[]x]dd6eUpnl2jq~]Égup6eUj]jnX[]
xSlDxSu]d
w]SvxSj]wyí¶[tgp] @ ¥ @ ¥ ®)qBp]q¬s]Spf¢PjnX[]xSlDxSu]_xqBy[wDjnqByº\vqtd]wíle)xSpxSgu±eUp
v]Spn\£gj6eUjnqByd]OheBxSjnul
ts]Syl
(iii) ¥ P y[w]]w¾¢tjnXdªxSlDxSu]YdPv]Sp»qBpn\<]wl&jnp6eUy[dnvqBpnjnyqBy[]vMeUpnjnxSu]YjnXpqBgtXjnX[]dnlDdnj]S\.HpqB\ dnj]
1
jqdnj]
N
¿wDgpnyjnXdqBv]Sp6eUjnqByA¢mekj6eUt]w
vMeUpnjnxSu]
Xk
uuP]Sy[xqBgyj]SpjnX[]
N l
vMeUpnjnxSu]dxqBpnp]dnvqBy[wDyijqieUuuqBjnX[]Spdnv]xS]d
l 6= k
eUy[w¯jnX[]
p]dngujny³jnp6eUy[dnjnqBy?]StXjdjnX[]Sy2ts]Sy?l ∏
l 6=k,k+p
[
λkl
λlk
]N l ¢Xx6X?y2jngpnyA¢
líg[dy
(ii)
¢eU\<qBgyjd<jq2xqBy[wDjnqBy
(iii)
ej]Spj6eU¡y?jnX[]ÆuqBeUpnjnX\ ¥ WYX[]d6]ÆjnXp]]
xqBy[wDjnqBy[deUp]£y³eBxSjdngD­_xS]Syjjq_w]Sj]Spn\y[]&jnX[]3vMeUp6eU\<]Sj]Spd
{αkl}
y)qBpw]Spjq_d6qBus]
(iv), (v), (vi)
¢jnXg[d]Sy[dngpnyp]Ss]Spdnuj©l ¥
   E  #I 5E E  G E	   XE ! MD E	 E	 F4! G8I D0! MNL  M! M?E
ÀdeUyÆuug[dnjnp6eUjnqByA¢]uuvp]d]Syjke
w]Sj6eUu]weUyMeUulmddqUjnX[]jnX[]Spn\<qwDlmyMeU\x]ÉguD¦
png\ÄdnjngMeUjnqBy~y³jnX[]3xfeBd]qUPjnX[]3ÀÁÂ¹\<qw]Su ¥
Ô4Ô Ü^[ïfì»î_
^S   : 	9&&( ] & : & ,
O·jnX³jnXp]]vMeUpnjnxSu]ddnv]xS]d¬¢DjnX[]qBpn\
H
qU+U @ ¥ 9VxqB\<]djq
H({X}) =
∑
i<j
αabAiBj + α
bcBiCj + α
caCiAj,
UH ¥ ^5V
X[]Sp]3jnX[]3xqBy[dnj6eUyjd
αab, αbc, αca
j6eU¡]jnX[]steUug[]d
αab = log
p+
p−
, αbc = log
q+
q−
, αca = log
r+
r−
,
eUy[w~jnX[]xqBy[dnjnp6eUyjd2U @ ¥ @ Vy[qf']xqB\<]
NA
NB
=
αbc
αca
,
NB
NC
=
αca
αab
,
NC
NA
=
αab
αbc
.
UH ¥ 9V
 $B  KL 0 M D  D I  G E  / G 4E  FF KJEMNG8D
P y
jnX[]]OheU\vu]qUMjnX[]ÀÁÂ\<qw]Su QãXT©¢t]YXMes]eUjPXMeUy[w<eUy]OhmvuxSjeUyMeUulmjnx]Ohmvp]d6dnqBy
qBpªjnX[]ysteUpn±eUyj\<]feBdngp] ¥ P y¨eBxSjf¢qBgpxSu±eU\djnXMeUj]ÉgMeUjnqBy[dyjnX[]jnX[]Spn\<qmwDlyMeU\x
u\jxfeUy³]w]Spns]wÆlig[dny<e
\<]SjnX[qwÆvpqBvqtd]wiy Q4S5T¾qBpjnX[]d6ÉgMeUp]u±eUjnjnx]\<qmw]Su¨¢
Xx6X_evpnqBpn /,5+'   :
 "	 - 7$'&; 35' +&  / 7, qUjnX[]ysBeUpn±eUyj\<]feBdngp]t¢tXxX
d\<qtdnj3qUjnX[]°jn\<]°gyjnp6eBxSj6eUu] ¥ WYX[]eUvvpqeBxXxqBy[dndjdy2xqBy[wDjnqByyjnX[]°\<qBjnqBy
qUe~j6eUt]w¤vMeUpnjnxSu]_jnX¤p]dnv]xSj&jq2eBwD\ddnu]ixqByD¶[tgp6eUjnqBy[d ¥ O%]dn¡]Sjx6XºjnX[qBgj
vpqmqUPjnX[]\_eUy~uy[]dqUªeUpntg\<]Syjy~jnX[]xfeBd]3qUPjnX[]ÀÁÂ·\<qmw]Su ¥
MqBp£jnX[]_dReU¡]_qUkdnX[qBpnjny[]dd¬¢
(A,B,C)
uuw]Sy[qBj]jnX[]
3N
¦©wD\<]Sy[dnqByMeUuYqBu]feUyís]xSjqBp
{(Ai, Bi, Ci), i = 1, . . . , N}
¥
ÂqBy[dw]SpªjnX[]dnj]feBwDldnj6eUj]Y]SXMesmqBgpeBd
t → ∞
eUy[wu]Sj
qai
w]Sy[qBj]jnX[]p6eUy[wqB\ steUpn±eUu]
p]Svp]d6]SyjnyjnX[]xqBy[wDjnqByMeUumvpqBMeUuj©l£qUm¶[y[wDyevMeUpnjnxSu]
Ai
qBy£dnj]
i
¢Uts]Sy
(B,C) ¥P jdvqtddnu]t¢[eUujnX[qBgtXwD§­_xSgujf¢Mjq<dnX[q¬jnXMeUj
P (A | B,C) =
N∏
i=1
[
Aiq
a
i + Ai(1 − q
a
i )
]
,
X[]Sp]3jnX[]3xqBy[wDjnqByMeUu4]Égupng\ qUPj©lmv]
A
vMeUpnjnxSu]dkd6eUjndn¶M]d
qai+1
qai
=
λ+a (i)
λ−a (i + 1)
,
ÒHÓÔKÒÕ
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jnX)xqBy[wDjnqByMeUuKp6eUj]dts]Sy~l



λ+a (i) = p
+Bi + r
−Ci + ΓBiCi,
λ−a (i + 1) = p
−Bi + r
+Ci + ΓBiCi,
jnX[]d6]]OhDvp]ddnqBy[d]Sy¤dn\u±eUpjqjnX[]~qBpn\ qU U ¥ 9V<y¸jnX[] {τaτb} \<qmw]Su ¥ Γ dÆey[qByD¦¨µf]SpqÆÉgMeUyjnj lj6eU¡my_yjq³eBxxqBgyjjnX[]
]OhxSug[dnqBy2eUjdnj]
i
y¯jnX[]3qBuuqfy³d]Sy[d6]t¿
X[]Sy
BiCi = 1
jnX[]Sy2y[]x]dd6eUpnul
Ai = 1
¥ WYX[]
vpqmqUp]Su]dqBy)jnX[]
xqBys]Spn]Sy[x]<qUeUy
j]Sp6eUjns]3pqx6¡yB¦©dx6X[]S\<] ¥
ÁlijnX[]qmqBu]feUy~yMeUjngp]3qU
Bi
eUy[w
Ci
¢xfeUy~pnj]
log
qai+1
qai
= αcaCi − α
abBi,
UH ¥ @ V
jnXj©qeUyMeUuqBqBg[d]ÉgMeUjnqBy[dqBp
B
eUy[w
C
dnv]xS]d ¥
  4Ñ4  Ì f f  O%]yjnpqwDg[x]£jnX[]3dqU¦©xfeUuu]w :
'/9	R 	&# 	&;7 w]O¶[y[]w~l
αbc =
α
N
+ o
( 1
N
)
, αca =
β
N
+ o
( 1
N
)
, αab =
γ
N
+ o
( 1
N
)
,
X[]Sp]
α, β, γ
eUp]jnXp]]vqtdjns]p]feUuKxqBy[dnj6eUyj ¥
  F	 Ì
 KD Ð 4 « ]SjnjnyÆpqB\Äy[q¬ qBy x 
= i/N ¢qBp 1 ≤ i ≤ N ¢¾qBy[]°xfeUy?dnX[q¬jnXMeUjkjnX[]]feU¡Æu\jd
ρa(x) = lim
N→∞
qaxN , ρ
b(x) = lim
N→∞
qbxN , ρ
c(x) = lim
N→∞
qcxN
]OhDdnjkeUy[w~dReUjnd»HljnX[]dnlDdnj]S\ qUPw]Sj]Spn\ydjnx£wD§½¾]Sp]Syjn±eUu4]ÉgMeUjnqBy[d



∂ρa
∂x
= ρa(βρc − γρb),
∂ρb
∂x
= ρb(γρa − αρc),
∂ρc
∂x
= ρc(αρb − βρa),
UH ¥  V
jnXjnX[]xSpng[xS±eUu4xqBy[dnjnp6eUyjdkwDg[]jqjnX[]v]SpnqmwDxqBgy[w[eUpnl³xqBy[wDjnqBy[d
ρu(x + 1) = ρu(x), ∀u = a, b, c.
UH ¥ {9V
Ô4Ô Ü^[ïfì»î_
^f}   : 	9&&( ] & : & ,
 !&-&% « j6eUpnjnyipqB\ UH ¥ @ VO¢¾qBy[]°eUvvu]djnX[]£u±ef qUu±eUpn]£yg\£]Spd3eUy[w¯]SpnqmwDx&jnX[]qU¦
p]S\<djqråg[djn§HljnX[]£eUvvpqhD\_eUjnqBy)qU¶[yj]3dng\<dl³a]S\_eUyy~yj]Stp6eUudf¢eBd
N → ∞ ¥
P j<dieU\£g[dny¤jqd]]~jnXMeUj UH ¥  V°]SuqBydjq%jnX[]xSu±eBd6d_qU]Sy[]Sp6eUuµf]w ´ qBjn¡Be¦¨ÅªqBuj]Spnp6e
dlmdnj]S\<d ¥ WYX[]qBpntyMeUu ´ qBjn¡te¦¨ÅªqBuj]Spnp6e\<qmw]Su[eBdjnX[]dn\vu]dnjª\<qmw]SuMqUvp]w[eUjqBp»¦¨vp]Sl
yj]Sp6eBxSjnqBy[df¢vpqBvqtd]w%y[w]Sv]Sy[w]Syjnulíl ´ qBjn¡Be U»^ ,tt{9V£eUy[wÅªqBuj]Spnp6e U»^ ,tt}9VO¢d]]qBp
y[dj6eUy[x] Q^ @ T ¥  qBy[]SjnX[]Su]ddf¢y?qBgpxfeBd6]£jnX[]
qBpnuw¯du]ddxSpngMeUuªeUy[w¯eUuuPvMeUpnjnxSu]
j©lmv]d
eUp]qBy¯eUy]ÉgMeUuqmqBjny ¥¥¥ 
WYX[]qBpn\ qU UH ¥  Vu]Sy[wd£jd]Su§jq)eÆdqBugjnqByy?j]Spn\<d&qUYdnv]xS±eUugy[xSjnqBy[d ¥ WYX[]¶[pdnj
dj]Sv³djqp]S\_eUpn¡ijnX[]3]Ohmdj]Sy[x]3qUj q_u]Ss]SuAdngp»eBx]d
ρa + ρb + ρc = 1,
UH ¥ }9V
ραaρ
β
b ρ
γ
c = κ,
UH ¥ SV
X[]Sp]UH ¥ }9VAqBuuqfdªeUjPqBy[x]pqB\ UH ¥ 9VeUy[w κ dexqBy[dnj6eUyjªqUM\<qBjnqBy°jq]w]Sj]Spn\y[]w ¥
 dny UH ¥ }9Vjq]Su\yMeUj] ρc ¢D]p]Spnj] UH ¥ SVeBd
ραaρ
β
b (1 − ρa − ρb)
γ = κ.
UH ¥   V
WYX[]xXMeUy]YqUgy[xSjnqBy[d
u = ρa+ρb
eUy[w
v = βρa−αρb
¢lm]Suwd4jnX[]ª¶[pdnjqBpw]Sp4y[qByuy[]feUp
wD§½¾]Sp]Syjn±eUu]ÉgMeUjnqBy
du
dx
= (1 − u)v(u)
UH ¥ ,9V
X[]Sp]
v(u)
d6eUjndn¶M]djnX[]3]ÉgMeUjnqBy
(αu + v)α(βu − v)β(1 − u)γ = κ(α + β)α+β
UH ¥ ^f|9V
MqBpn\_eUuul¢
u(x)
xfeUy³]]OhDvp]dd]weBd
x =
∫ u(x)
u(0)
du
(1 − u)v(u)
.
UH ¥ ^t^5V
P j&eUvv]feUpd£jnXMeUj&jnX[]<p6eUjnqtd
y UH ¥ 9V&eUp]<p6eUjnqByMeUuqBp
eUuuª¶[yj] N ¢4gjf¢dy[x]<]XMes]u]Sj
N,NA, NB ,→ ∞
¢jnX[]Sl\tXj]xqB\<]eUpnj6eUpnlp]feUuyg\&]SpdYyÆjnX[]yj]SpnsteUu
[0, 1] ¥O·X[]Sy¤jnX[]SleUp]_p6eUjnqByMeUu¨¢\UH ¥ ,9V3d°e~vqBuly[qB\±eUuY]ÉgMeUjnqByA¢ªeUy[wjnX[]Sy u(x) d&y¤dqB\<]
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d6]Sy[d]4råg[dnjªej\<qBp]Y]Sy[]Sp6eUujnXMeUjeUy°Xlmv]Sp]SuuvjnxHgy[xSjnqByA¢dny[x]t¢ej]SpPd6qB\<]YeUu]Sp6eD¢
]£eUp]u]OjjnX~yj]Stp6eUudqUjnX[]qBpn\
∫ √[
s2 − a2(1 − s)
− p
q
]
ds,
X[]Sp]
p
eUy[w
q
dnj6eUy[wqBpvqtdnjns]&yj]S]Spd ¥ WYX[]
vMeUpnjnxSgu±eUp3xfeBd] α = β = γ dp6eUjnX[]Spd\vu]t¢[dny[x]jnX[]Sy
(
du
dx
)2
= (1 − u)[u2(1 − u) − κ],
dX[qfy
u
jq<]3e°dnj6eUy[w[eUpw eBxqBK]Suuvjnxgy[xSjnqBy ¥
MqBpYeUyl_ts]Sy
κ
¢mjnX[]dnlDdnj]S\ UH ¥  VeBwD\jdqU4e£gyÉg[]dqBugjnqBy ¥ P©yvMeUpnjnxSgu±eUpf¢DjnX[]Sp]d
	& K	 ew]S]Sy[]Sp6eUj]&dqBugjnqByxSpng\£u]wjq°jnX[]¶h]w³vqByj
ρ̃a =
α
α + β + γ
, ρ̃b =
β
α + β + γ
, ρ̃c =
γ
α + β + γ
,
UH ¥ ^f9V
eUy[wxqBpnp]dnvqBy[wDy_jqjnX[]xqBy[dnj6eUyj
κ̃ 	
= α
αββγγ
(α + β + γ)α+β+γ
.
UH ¥ ^ @ V
WYX[]vgpnvqtd]qU4jnX[]y[]OhDjvMeUp6eUtp6eUvXdjqwDd6xSpn\yMeUj]]Sj ]]SydqBugjnqBy[dqU+UH ¥  VeUy[w
UH ¥ {9VO¢[y~qBpw]Spjqp]Su±eUj]jnX[]S\ jqeBwD\ddnu]u\j»¦¨vqByjdqU ΦN ¢[eBd N → ∞ ¥
 $.	  8E  M  M?E4 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W4qxfeUjx6X2e<pqBgtX¯ÉgMeUuj6eUjns]&y[dntXjyjqjnX[]&d6qBugjnqBy¯qU\UH ¥  VO¢¾e<dnj6eUy[w[eUpw2eUvvpqeBxX
p]Su]d&qByíeÆuy[]feUpnµ¬eUjnqByºqUjnX[]_pntXj»¦¨XMeUy[w¤dnw]_eUpqBgy[wjnX[]°¶hD]w%vqByj UH ¥ ^f9V ¥ WYXd
lm]Suwdke
uy[]feUpkwD§½¾]Sp]Syjn±eUudnlDdnj]S\~¢DX[qtd]\_eUjnpn§h
1
α + β + γ


0 −αγ αβ
βγ 0 −αβ
−βγ αγ 0

 ,
XMeBdijnXp]]2]S]SysteUug[]d
0
eUy[w
λ± = ±i
√
αβγ(α + β + γ)
¢keUy[w·jnX[])jnp6er»]xSjqBpn]d~eUp]
uqmxfeUj]wqBy?eUy)]Suuv[d6qBw ¥ Ágjf¢dny[x]£jnX[]
eUqfs]
]S]SysteUug[]deUp]3vgp]Sul~\_eUtyMeUpnl¢jd
]Suu¡y[q¬yijnXMeUjYy[q°xqBy[xSug[dnqBy³xfeUyÆ]wDp6eyeBdqBpjnX[]qBpntyMeUu¾dnlDdnj]S\~¢mXxXÆ\tXj
]qUªe°Égj]3wD§½¾]Sp]SyjkyMeUjngp] ¥
8qf]Ss]Spf¢jdkvu]feBd6eUyjjqd6]]£jnXMeUjjnX[]&\<qwDgug[dqUjnX[]
y[qByµf]SpqÆ]S]SysteUug[]dvu±elDdy
¨eBxSjke°xSpng[xS±eUuKpqBu]&eBddnX[qfyy³jnX[]y[]OhmjjnX[]qBp]S\ ¥
Ô4Ô Ü^[ïfì»î_
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
s 
= α + β + γ 	'/ η 
= s
3
 5  &; 2
Φ 
= lim
N→∞
ΦN
!  Z\[-]
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ηc

= 2π
3
√
ρ̃aρ̃bρ̃c
,
:   	  
η > ηc
     	  &( / '!/, 7, 	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
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/
T (κp) =
1
p

p ∈ {1, . . . , [ ηηc ]}
 5    & 	9/    &(2	  & 
Φ   $ '/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 
η > ηc 
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WYX[]ÆvpqmqUysqBus]de)qBp]dnj<qUj]xXyxfeUujn]dÆeUy[wº]~qByulºdn¡]Sjx6X jnX[]Æ\_eUy uy[]d<qU
eUpntg\<]Syj ¥ WYX[]¶[pdjdnj]Sv~djqdnjx6X~jqvqBu±eUpxqqBpwDyMeUj]d



ua

= ρ̃a −
α
s
= r cos θ
ub

= ρ̃b −
α
s
= r sin θ.
a]Spnj]UH ¥ SVeBd
H(r, θ) = log κ,
UH ¥ ^S V
jnX
H(r, θ) 
= α log
[
r cos θ +
α
s
]
+ β log
[
r sin θ +
β
s
]
+ γ log
[γ
s
− r(cos θ + sin θ)
]
,
eUy[w¸u]Sj
r(θ, κ)
]³jnX[])dnytu]~pqmqBj_y
r
qU UH ¥ ^S V ¥ WYX[]Sy θ d6eUjndn¶M]d_jnX[])wD§½]Sp]Syjn±eUu]ÉgMeUjnqBy
dθ
dx
= G(θ, κ),
UH ¥ ^f{9V
X[]Sp]
G(θ, κ) 	
= 1
s
[
β(α + γ) cos θ + αβ sin2 θ + α(β + γ) sin2 θ
]
+ r(θ, κ) cos θ sin θ
[
(β + 2α + 2γ) cos θ + (α + 2β + 2γ) sin θ
]
.
´ ]Sjnjny T (κ) ]jnX[]v]Spnqw³qUPjnX[]3qBpnjf¢]XMes]
T (κ) =
∫ 2π
0
dθ
G(θ, κ)
.
ÒHÓÔKÒÕ
 
	*-	*!% 	%$'&  )+	99"! .+	/9 0	&?3 	'/ 6 79&;:, < /,&4 ^ ,
WYX[]
d]xqBy[w)\vqBpnj6eUyj3dnj]Sv¯p]Su]dqBy¯jnX[]&\<qBy[qBjqByx&]SXMesmqBgpqU
T (κ)
jnX2p]dnv]xSj
jq°jnX[]3vMeUp6eU\<]Sj]Sp
κ
¢lm]SuwDy<jnX[]y[]ÉgMeUuj©l
T (κ) ≥ T (κ̃).
# [d6]Spnsy<jnXMeUj
r(θ, κ̃) = 0, ∀ θ ∈ [0, 2π],
]3xfeUy~pnj]t¢l>UH ¥ ^f{9VO¢ T (κ̃) eBdke°xqByjqBgpkyj]Stp6eUuqBy³jnX[]gyjkxSpxSu]t¢yMeU\<]Sul
T (κ̃) = −4is
∮
Γ
1
z2[γ(β − α) − 2iαβ] + 2z[2αβ + γ(α + β)] + γ(β − α) + 2iαβ
,
qBpf¢[ej]Spe°dn\vu]£xfeUuxSgug[df¢
T (κ̃) = 2π
√
s
αβγ
,
Xx6X~u]feBwdvp]xSd6]Sulijq°jnX[]£xSpnjnxfeUuAsBeUug[]
ηc
eUyy[qBgy[x]w~y³jnX[]jnX[]qBp]S\ ¥
  &+ F' L
EM 
WYXdvMeUv]SpkdjnX[]&xqByjnygMeUjnqBy%qU Q4SXT©¢[gjdx]Spnj6eUyul)eUyyj]Spn\<]wD±eUj]dnj]Sv ¥ [qBpjnX[]
dReU¡]qUdX[qBpnjny[]ddf¢U]YwDw&p]dnjnpnxSjqBgpd]Sus]djqjnX[]jnX[]Spn\<qmwDlyMeU\xdqUMjnX[]ÀÁÂ%\<qmw]Su ¥
ÀxSjngMeUuul¢qBgpqeUudkjqÆeUyMeUulµf]&jnX[]°wDlyMeU\xdqUªp6eUy[wqB\ xSgpns]d]SsqBusyÆy
Z
m UHy[q
dvMeUjn±eUuªxqBy[dnjnp6eUyjdVqBpy
Z
m
+
¢¾X[]Sy?jnX[]Sl¯eUpnv%gy[w]SpjnX[]<eBxSjnqByíqUdqB\<]dnjqmxXMeBdjnx
w]OqBpn\_eUjnqBy~tp6eU\\_eUp ¥
P y Qã}XT©¢jnXdvpqUrn]xSjuuP]
xfeUpnpn]w?qBgjy)jnX[]&p6eU\<]SqBpn¡2qUu±eUpn]°dxfeUu]°wDlyMeU\xdqBp
]OhxSug[dnqBy~vpqmx]dd]d¬¢DeUy[w~juu¾\_eUyul~eBwwDp]ddjnX[]vqByjdkudnj]w³X[]Sp]fej]Sp ¥
*Ð  ÌiÐ í Ì  Ð Ñ Í 4 H Ì
  H4   WYX[]kjnpnx6¡<jq£w]Spns]u\jny
wD§½¾]Sp]Syjn±eUu
dlmdnj]S\<deU\<qBgyjd]dd]Syjn±eUuuljq3pnjny
xqBy[wDjnqByMeUuMÇMqf¼]ÉgMeUjnqBy[dqBy_dngj6eUu]kdReU\vu]
vMeUjnX[d¬¢]Ss]Sy³y³jnX[]vp]d6]Sy[x]3qU4vMeUpnjnxSu]3xSgpnp]Syjd ¥ WYX[]d]]ÉgMeUjnqBy[dysqBus]Hgy[xSjnqByMeUud
qU®2eUpn¡qfs%eUy[w2jnX[]Sl?]SyBr»q¬l¯dnv]xS±eUu]feUjngp]d3]Sy[xqBgyj]Sp]wíy%\_eUyl2dlmdnj]S\<d ¥ P j\tXj
eUud6q]ªyj]Sp]djnyjqy[qBj]jnXMeUjK\<qtdnjPqU[jnX[] ´ qBjn¡Be¦¨ÅªqBuj]Spnp6e]ÉgMeUjnqBy[dxfeUy
]]OhDvu±eUy[]w
y³jnX[]3utXjkqUPjnX[]¨eU\<qBg[dgpny[dkqU  Xp]SyD]dnj ¥
 K Ì f 4F Ð  WYX[]Sp]
]OhDdnjde_tuqBMeUuyj]Spnvp]Sj6eUjnqBy%l~\<]feUy[dqUe_Hp]]
]Sy[]Spntl
gy[xSjnqByMeUujnX)j qÆxqB\vqBy[]Syjdf¿YjnX[]
]SyjnpqBvl¯qUªjnX[]&dlmdnj]S\~¢eUy[wjnX[]
eUu]Sp6eUxeUp]fe
]Sy[xSuqtd6]w_l<jnX[]xSgpns] ¥ P jjngpny[dYqBgjjnXMeUjjnX[]xqByj]SyjnqBy³]Sj ]]SyÆjnX[]d]j©q
ÉgMeUyjnjn]d
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